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Irreversible deformations of a continuous medium may be accompanied by a
change in volume. Below, we investigate the question of the calculation

of compressibility in the theory of ideally plastic media. Th}s leads to
8 generalization of the theorem of Mises [1 ] concerning the associated

law for plastic flow in compressible media,

We remark that questions on the computation of the compressibility of
ideally plastic media were examined in [2].

1. Consider an isotropic ideally plastic body which is acted upon by
some loads. We denote the components of stress and strain by oij and €
respectively.

We assume that the following relations have been established as the
results of experiments under homogeneous pressure:

s=1@) €=9@) o=gsn  e=iey (1.9)

We assume further that an irreversible change in the form of the
medium occurs when the stresses attain a certain combination of values

D5, 25, Zp) =0 (1.2
Here 3,, 3, are the second and third invariants of the stress deviator.

An increment in the work of the stresses aij on increments of the
strain d‘ij will have the form

dA = sy deij = o;; de;;" + 3sde (1.3)

where here and subsequently the upper prime is to be ascribed to the
components of the stress deviator.
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Following Mises [1] we look for an extremum of Expression (1.3),
assuming that the deformed state is fixed and only the components of the
stress tensor are varied. Taking into account (1.2), (1.1), we look for
an extremum of the functional

dA = oy de;; — dhy @ (5, Tp, o) — dha (5 — f(e)) (1.4)

From (1.4) we have

) 0D o5 oD 8%, | D 0% 33
deij +éi.?'de=dll[%a+m§;+ﬁ:tﬁ}+dhggg (1.5)
From {(1.5) follows
3de = diy "% + dhy (1.6)

Eliminating the quantity dA o from (1.5) and (1.68), we obtain

o0 JE o0 a3
de;i = dy | 29 922 ..____3) 1.7
i T ( 9% 05, | 0%s 3y D
Turning to the strain velocities we have
I 9%, o0 4% de,. di
8 =h [ 22 e 4 T Tas %% =10 1.8
i (522 ds;; | 9% 93, ) R A dt (8

Hence, the following theorem may be stated. If, following Mises [1 ],
we define the associated law of plastic flow from the representation of
the extremality of an increment in the work of the stresses under the
given state of deformation, then, for compressible ideally plastic media
whose plasticity condition is of the form (1.2), the compoments of the
strain velocity deviator are directly proportional to the partial deri-
vatives with respect to the stress components of that part of the plasti-
city condition which depends on the second and third invariants of the
stress deviator; furthermore, the expression for the associated law of
plastic flow (1.8) does not at all depend on the compressibility law.

2. We examine, for example, the case of plane strain of an ideally
plastic material under the plasticity condition

(5, — csy)2 + 4'rxy2 = 4¢?, (¢ = const) (2.1)

In this case let there exist the relation o = 3Ke(K = const). The
problem is then statically determinate and the compressibility has no
effect of the stress equations. It is well known that the stress equa-
tions are of hyperbolic type, with the equations for -the characteristics
having the form

ay

Y —tan(0 + ) 2.2)
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Along a characteristic there exists the relation

® 4 26 = const (m :710_ (cx—}—sy) (2.3)

Here 0 is the angle formed by the first principal stress with the z-
axis.

According to (1.7) and (1.8) the plastic flow law can be rewrittem in
the form

ds d
de, = dh G,— Gy) - % dey = dh (5,— 5. 1 BT:\E
(2%)
dexy = Zd;\.l T-’C'N
or pa G
axzx(jx_cy).{_g?, ey:k(sy—sx)-i-ﬁ
(2.5)

By = 2ery

The upper dot denotes differentiation with respect to time.

If we pass to the components of the velocities of the displacements
u and v along the x- and y-axes, then, eliminating the quantity A from
the relations (2.5), we obtain two equations of hyperbolic type whose
characteristics coincide with (2.2). Along the characteristics there
occur the relations

. T T T
n 2 odr
— d —_— (1 — == .
tan ((]j: . > u vj:3K o5 20 0 (2.6) c
or
dU —Vag 4 28 08O +m4) 4o Y Y Y
3K c0s 2§ - A B ¢
. (2.7
4V + Udg _*_Es_ cos (§ —/4) dy =0 & o o
3K cos 28 m
Here U, V are the components of the e e e
displacement velocities along the a D = z

characteristics.

3. We make a few remarks. First of all we note that if from the out-
set there are no restrictions on the compressibility, then the associ-
ated flow law will be of the form

&= * 3,

(3.1)

As a consequence of (3.1) there occurs the "associated" compressibil-
ity of the material
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3e =220 (3.2)
I3
Generally speaking, the shear (deviator) componments and the components
characterizing the volume deformation may be assumed to be independent.
The results of the simplest experiments are represented in the figure
(it is clear that the indicated cases are far from all the possible re-
presentations). Shear stresses and strains are demoted by r, y, respec-
tively; the mean stress and strain are denoted by o and e respectively.

The disgrams A, a (Figure) correspond to a linear elastic body; the
diagrams B, b correspond to an incompressible rigidly plastic body when

x -+ o0,

A body with limited compressibility [ 3 ] corresponds to & combination
of properties A, c. An ideal locking body [ 4,5 ] corresponds to a combi-
nation of C, b with m > o,

It is likewise possible to investigate an elastic body which is
capable of resisting volume deformation only up to a definite limit (com-
bination A, b), etec.

The authors are grateful to L.M. Kachanov for valuable comments,
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